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This paper presents a nonlinear state-estimation algorithm that combines the Frobenius—Perron operator theory
with the Bayesian estimation theory. The Frobenius—Perron operator is used to predict evolution of uncertainty in
the nonlinear system and obtain the prior probability density function in the estimation process. The Bayesian
update rule is used to determine the posterior density function from the available measurements. The framework for
this filter is similar to particle filters where the density function is sampled using a cloud of points and the system
dynamics are integrated with these points as the initial condition. The key issue in particle filters is that the weight for
the sample points are typically determined using histograms to obtain the prior density function, and thus requires
many samples for acceptable accuracy. Moreover, the weights of the majority of the particles converge to zero after a
few iterations, rendering them useless for state-estimation purposes. This issue can be resolved with the application of
the Frobenius—Perron operator, which determines the time evolution of the weights along sample paths. This greatly
simplifies the determination of the prior density function and can be achieved with fewer sample points.
Consequently, the associated computational time is also greatly reduced. The presented algorithm is demonstrated
on a hypersonic reentry problem with uncertain initial states, with given initial probability density functions. The
performance is compared with particle filters, and it is observed that the proposed algorithm is computationally

superior as expected.

1. Introduction

NTRY, descent, and landing of a hypersonic vehicle on the

surface of Mars is a topic of research receiving much attention in
recent years. The expected mass of the next Mars Science Laboratory
Mission is approximately 2800 kg at entry, which is required to land
within a few kilometers of robotic test sites. The requirement of high
accuracy when landing in proximity of the target region is a key
challenge of high mass entry. It is therefore necessary to estimate
states and parameters of the reentry vehicle when uncertainties are
present in initial conditions. High nonlinearity of reentry dynamics,
coupled with a lack of frequent sensor updates, makes the estimation
problem difficult to solve. Sequential estimation algorithms based on
Monte Carlo (MC) simulations are most commonly used in such
cases. However, for systems having three or more dimensions,
MC-based techniques may be computationally expensive, as the
ensemble size required to guarantee convergence increases expo-
nentially with the number of states. The objective of this paper is to
demonstrate the application of a new nonlinear estimation algorithm
to hypersonic flight problems and highlight its superiority, in terms of
error convergence and computational efficiency, over the popular
particle-filtering-based methods.

Estimation of states and parameters for dynamical systems, in
general, is generally performed in the Bayesian framework, where
uncertainty is represented as probability density functions (PDFs).
For linear Gaussian systems, it is possible to get exact analytical
expressions for the evolving sequence of moments, which
characterizes the PDF completely. This method is widely known as
the Kalman filter [1]. For nonlinear systems exhibiting Gaussian
behavior, the system is linearized locally, about the current mean, and
the covariance is propagated using the approximated linear
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dynamics. This method is used in extended Kalman filters (EKFs)
[2]. It is well known that this approach performs poorly when the
nonlinearities are high, resulting in an unstable estimator [3-6].
However, the error in mean and covariance can be reduced if the
uncertainty is propagated, using nonlinear dynamics, for a minimal
set of sample points called sigma points. The PDF of the states,
characterized by sigma points, captures the posterior mean and
covariance accurately to the third order (Taylor-series expansion) for
any nonlinearity with Gaussian behavior. This technique has resulted
in the unscented Kalman filter (UKF) [7]. The aforementioned filters
are based on the premise of Gaussian PDF evolution. If the sensor
updates are frequent, then the EKF and UKF may yield satisfactory
results. However, for nonlinear systems, if the sensor updates are
slow, these filters result in inaccurate estimates [8].

Recently, simulation-based sequential filtering methods, using
MC simulations, have been developed to tackle nonlinear systems
with non-Gaussian uncertainty [9,10]. MC methods involve
representing the PDF of the states using a finite number of samples.
The filtering task is obtained by recursively generating properly
weighted samples of the state variable using importance sampling
[11]. These filters, based on sequential MC methods, are known as
MC filters [12]. Among them, the most widely used is the particle
filter [13-16]. Here, ensemble members or particles are propagated
using nonlinear system dynamics. These particles with proper
weights, determined from the measurements, are used to obtain the
state estimate. However, it has been observed that the weights of most
of the particles converge to zero after a few iterations. This, in effect,
leads to extra computational effort spent on particles that do not
contribute toward getting the state estimate. This phenomenon is
called particle degeneracy [9]; hence, particle filters require a large
number of ensembles for convergence, leading to higher comput-
ational costs [17]. This problem is tackled through resampling
[8,13,18]. Particle filters with the resampling technique are
commonly known as bootstrap filters [8]. It has been observed that
bootstrap filters introduce other problems like loss of diversity
among particles [15] if the resampling is not performed correctly.
Recently developed techniques have combined importance sampling
and Markov-chain-MC (MCMC) methods to generate samples to
get better estimates of states and parameters [19]. Several other
methods, like regularized particle filters [20] and filters involving the
MCMC move step [21], have been developed to improve sample
diversity. At the same time, even with resampling, due to the
simulation-based nature of these filters, the ensemble size scales
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Fig. 1 Method of characteristics. Number of samples = 500. System shown is the Duffing oscillator. The circled area shows the location of sample points

at two different time instances.

exponentially with the state dimension for large problems [22]. To
circumvent this problem, particle filters based on Rao—Black-
wellization have been developed to partially solve the estimation
problem analytically [23]. However, its application is limited to
systems where the required partition of the state space is possible. If
the reader is interested, an excellent comparison of the various
nonlinear filtering algorithms is available in [24].

As described previously, the main problem with particle filters is
the determination of the weights for each sample. This greatly affects
the accuracy. At the same time, for large-scale problems, the
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exponential growth in the number of samples makes this method
computationally prohibitive. The problem of determining weights
can be resolved by using the Frobenius—Perron (FP) operator. The FP
operator has been used in the physics community to study the
evolution of uncertainty in dynamical systems [25]. In continuous
time, the FP operator is defined by the Liouville equation [26], which
is the Fokker—Planck equation [27] without the diffusion term. It has
been shown that the FP operator, or the Liouville equation, predicts
evolution of uncertainty in a more computationally efficient manner
than MC [28,29]. Based on this fact, we can expect a nonlinear
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Fig. 2 Comparison of FP- and MC-based approximations of density functions.
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Table 1 Explanation and values of the constants
for Martian atmosphere [46]

Description of constants Value
Radius of Mars R,, =3397 x 10° m
Acceleration due to gravity of Mars g=23.71 m/s?
Ballistic coefficient of vehicle B, = 72.8 kg?/m?
Lift-to-drag ratio of vehicle £=03

Density at the surface of Mars
Scale height for density computation
Escape velocity of Mars

0o = 0.0019 kg/m?
h; =9.8 km h, =20 km
v. =5.027 km/s

Table 2 Scaling constants for base units

Units Scaling constants

Mass Mass of vehicle = 2800 kg

Length Radius of Mars R,

Time  Radius of Mars/escape velocity of Mars = 675.7 s

Table 3 Normalization factors
for measurements

Measurement Normalization factors
Dynamic pressure 197 x10° X
Heating rate 0.0231 L
Flight-path angle 19.13°

filtering algorithm in this framework to be computationally more
efficient than particle filters. However, it is important to note that the
FP operator only addresses parametric uncertainty. Use of the
Liouville equation to develop a nonlinear filtering algorithm was first
presented by Daum and Krichman [30], where the outline of the
filtering algorithm has been presented. Subsequently, it has been
shown that the FP operator-based filter can avoid particle degeneracy
[24,31-33]. In this paper, this algorithm is applied to a state-
estimation problem arising in hypersonic flights and performs a
direct comparison with particle filters.

The paper is organized as follows. The particle-filtering algorithm
is described first, followed by necessary background on the FP
operator. Next, it is shown how this operator can be used to propagate
parametric uncertainty. This is followed by the details of a nonlinear
filtering algorithm using the FP operator and Bayesian theory. The
filter is then applied to a hypersonic reentry flight dynamics problem,
and its performance is compared with particle filters. Because of the
similarity of the applied filter to particle filters, only the results
between these two techniques are compared.

II. Particle Filter

Let us consider a nonlinear dynamical system with states x € R”
and outputs y € R™, for which the dynamics are given by

x=g(x,A) (1a)

y=h(x)+v (1b)

where v is the measurement noise defined by v ~ A (0, R). Let A be a
vector of random parameters. Let p(A) be the PDF of A and D, be
the domain of A. Let us assume discrete measurement updates
available at times #(, ;,- -+, fy, - - -. Without loss of generality, it is
assumed that the system has only initial condition uncertainty.
Therefore, A := x. Parameter estimation can be included in this
framework by suitably augmenting the system. Note that process
noise cannot be addressed in this framework. This is a limitation of
the FP operator, or the Liouville equation. To include process noise,
one has to solve the Fokker—Planck—Kolmogorov equation [27]. Our
future work will address the solution of this equation for estimation
purposes.

In brief, particle filters are based on the importance sampling
theorem [11], where random samples are drawn from a given
distribution at time #,_,. Each sample point is assigned a weight that
is determined from the distribution function. These sample points are
taken as initial conditions for the dynamical system and evolved
using Eq. (1a) to time #,. Depending on their locations, the prior
density function is approximated using histograms. The posterior
density function is obtained using the corresponding likelihood
function in a Bayesian setting. Based on the new density function, a
new set of sample points are generated, and the process repeats.
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Fig. 3 Generic particle filter. True initial states are [R,, + 61 km, 2.64 km/s — 8.1°], and update interval is 20 s. The dashed lines represent +3¢

limits, and the solid lines represent the error in estimation.
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III.

error in estimation.

Uncertainty Propagation Using

the Frobenius—Perron Operator

The problem of determining uncertainty in state due to parametric
system uncertainty, for nonlinear systems, can be solved using the FP
operator [25]. The definition of the operator in continuous time for

the dynamical system

n
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where f(x) =[f1(x)--- f(x)]" and p(¢,x) := P,p(ty,x). The
symbol P, represents the continuous time FP operator, and p(t, x) is

x=f(x); xe X CRY, f:iX—X ®) the density function at initial time ¢ = #, > 0.
The FP operator is a Markov operator and has the following
is given by the Liouville equation [25]: properties [25]:
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Fig. 5 Performance of the FP estimator with the true initial states as [R,, + 61 km, 2.64 km/s — 8.1°]” and an update interval of 20 s. The dashed lines
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X

and p(-) is a measure defined on X These properties ensure that the
initial PDF p(z,, x) evolves continuously over time while satisfying
properties of PDFs. Rigorous derivation of these and some of the
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Fig. 8 Bootstrap filter with 7000 samples. The true initial states are [R,, + 61 km, 2.64 km/s — 8.1°]", and the update interval is 20 s. The dashed lines
represent 3o limits, and the solid lines represent the error in estimation.

other properties of the FP operator has been omitted here and can be Defining
found in Lasota and Mackey [25].
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dx, dx, dp distribution is sampled using 500 points. The corresponding
dr 1(0), T ar fa(), a8 (x.p) ) differential equation for uncertainty propagation is
. 6
These equations trace out a trajectory in the (n 4+ 1) dimensional TEh ©
space spanned by (x,,---, x,, p). To make the solution unique, the
value of p(t, x) has to be specified at a given point x(¢,) at time #,. The Xr=x — X —x, %)
evolution of p(t,x) over R x X’ can be determined by specifying
p(t, x) over several points in X at time #,,. These points are obtained
by sampling the density function at #,. The trajectories x() are called p=—pO+-1=p (8)

characteristics, and Eq. (5) determines the evolution of p along x().

For additional details, the reader is directed to [34].

For example, consider uncertainty propagation due to initial
condition uncertainty for the Duffing oscillator model. As shown in
Fig. 1, consider the case where there is an initial condition about
(1,1). The distribution is considered to be Gaussian. The initial

The initial conditions for (x|, x,) are given by the locations of the
samples. The initial conditions for p are given by the values of the
Gaussian distribution function at those points. With these initial
conditions, the preceding equations are integrated to obtain
[x1 (1), x,(?), p(¢)]. Figure 1 shows the initial values of
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Fig. 11 Percentage error in estimation with 7000 samples. The true initial states are [R,, + 61 km, 2.64 km/s — 8.1°]”, and the update interval is 20 s.
In the legend, BF, gPF, and FP represent the bootstrap filter, the generic particle filter, and the FP operator-based estimator, respectively.
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[x,(8), x,(t), p(¥)] and their values at time t=1s. It can be
observed that this method determines the value of p at (x;,x,)
exactly. For intermediate points, interpolation will have to be used.
Also note that the value of p determined at (x,, x,) at some time ¢
is independent of the number of samples, although increasing the
number of samples will improve the accuracy of the subsequent
interpolation. However, in the case of particle filtering, since the
value of p is approximated using histograms, the accuracy depends
on the number of samples.

B. Accuracy in Prediction of Uncertainty

Since this method requires a selection of points in the state space,
one may argue that this approach is similar to MC. The main
difference is that, in the FP operator, the value of the density function
is determined along the trajectory, and at a final time, the value of the
density function is known at certain discrete locations. These
locations are values of the state vector at that final time. The value of
the density function over the domain is then determined using
interpolation. In MC, the same idea is used, except only state
equations are integrated. The density function at the final time is
determined using histogram techniques, which are sensitive to the
number of sample points taken. Thus, for comparable accuracy,
many more points will have to be taken for the MC-based method
than for the FP-based method. As an illustration, consider Fig. 2. It
can be seen that a good approximation of the Gaussian density
function is achieved by taking 25 points and linear interpolation in
the case of FP operators, whereas for MC, at least 1000 points were
needed to get the same level of accuracy. Thus, for this one-
dimensional case, there is a reduction of two orders of magnitude in
the number of sample points required for FP-based uncertainty
propagation. For a higher-dimensional case, the benefits will be even
more significant. For high-dimensional problems, discrete points can
be generated using the Halton sequence [35], and concentrating them
in regions with higher importance/features will further reduce the
growth of computational complexity. Other methods for generating
smart samples from a given distribution include sparse grids [36-38]
and mesh-free adjoint methods [31,39-41].

IV. Nonlinear Estimation Using
the Frobenius—Perron Operator
Let the dynamical system and measurement model be given by
Eq. (1). It is assumed that measurements are available at discrete
times ty, - -+, t;_y, ty, tyyq. -+ - Ata given time f;, let x;, y, and p;(-)

be the state, measurement, and PDF. Let p; (-) and p; (-) denote the
prior and the posterior density functions at time #;. The estimation
algorithm is described next, which is similar to that presented by
Daum and Krichman [30].

A. Step 1: Initialization Step

To begin, the domain D, of the initial random variable x, is
discretized. From the discretized domain, N samples are chosen at
random based on the PDF p(x,) of the random variable x,. Let the
samples be represented by x,; fori = 1,2,---, N and py(x, ;) be the
value of py(x) at these sample points. The following steps are then
performed recursively, starting from k = 1.

B. Step 2: Propagation Step

With the initial states at the k — 1th step as [x;_; ; pr_i (x,_1 )],
Eq. (9) is integrated for each grid point over the interval [#,_,, #;] to
get [xp;. pr (x.)]". Note that p;(x;;), obtained by integration, are
the prior PDF values for x; ;, and hence the superscript.

C. Step 3: Update Step
First, the likelihood function, p(y;|x; = x;;), is determined for

each grid point i using Gaussian measurement noise and the sensor
model in Eq. (1b). It is defined as

1
IGilxe = x) = m

where |R| is the determinant of the covariance matrix of
measurement noise.

The posterior PDF of the states is constructed next for each grid
point i using classical Bayes rule [42]. It is defined as the density
function of the states given current measurement: i.e.,
pi(xi) = pi(xi = x;|¥¢)- For a particular sample, x; ; is given by

e~ 1/ DBe=h G )" R Br—h(x, )]

LGy lxx = xi) pr (oo = Xy 1)
P 1G X = X ) P (i = x )
©

i) = pla = x50 =

D. Step 4: Getting the State Estimate

The state estimate for the kth step is then computed, depending on
the desired computation as given in Bryson and Ho [43]. The
following are commonly used criteria.
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Fig. 13 Plots for third- and fourth-order moments for the particle filter with 100,000 samples (dashed line) and the FP operator-based filter with 7000
samples (solid line).

1) For the maximum-likelihood estimate, maximize the E. Step 5: Resampling
probability that x; ; = %;. This results in X, = mode of p; (x ;). The degeneracy of sample points can be detected by looking at
2) For the minimum-variance estimate, values of x;; for which p{(x;;) <€, where € < 1 and is
N N prespecified. Exi.stingf meth}c])ds for dr.esailspl'ing Cflg b<; 1;sed }EO
A . 2 4+ _ ¥ enerate new points from the new distribution xi;). For the
T = argmin ; Ihe = il i (i) = ;xk‘ip ¢ (o) %—i— 1th step, IEJCW points and the corresponding glz)stekfior density
B B pi(x;;) serve as initial states. Qualitatively, since histogram
The estimate is the mean of x; ;. techniques are not used in determining density functions, this method
3) For the minimum-error estimate, minimize maximum |x — x; ;|. is less sensitive to the issue of degeneracy, although a rigorous

This results in ¥ = median of p; (x;,). analysis of this has not been done.
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Table 4 Computational time taken per filtering
step for each estimation algorithm

Filter Computational time, s
FP operator-based filter 57.42
Generic particle filter 207.96
Bootstrap filter 168.06

V. Application to Hypersonic Reentry Problem

A. Application to Three-State Vinh’s Equation

The estimation algorithm presented here is applied to the reentry of
hypersonic vehicles. The simplified dynamics of reentry are
represented by the Vinh’s equation [44] in three states: the distance
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from the planet’s center r, the velocity v, and the flight-path angle y or

x=[r v y]'. The equations can be written as
7= vsin(y)
2

V= —%—gsin(y)

atmospheric density given by
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where g is the acceleration due to gravity, B, is the ballistic
coefficient, % is the lift-to-drag ratio of the vehicle, and p is the

(10a)

(10b)

(10c)

Fig. 14 Plots for percentage error in third- and fourth-order moments for the bootstrap filter (BF), the generic particle filter (gPF), and the FP operator-
based filter (FP), all with 7000 samples. The percentage deviation was taken from the particle filter with 100,000 samples.
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p = pyeltn=/m] qg= %pvz, Q0 = kp'?v*b, G=y (11)

where py, h,, and h, are constants depending on the planet’s where k = 4.47228 x 1077 is the scaled material heating coefficient.

atmospheric model, 1 = r — R,, is the height above the planet’s Here, the initial state uncertainty with the Gaussian distribution

surface, and R, is the radius of the planet. The choices of the has been considered; that is, x(0, A) = A ~N (Mo’.ag)s where o

constants in Eq. (10) used to simulate reentry in the Martian and 0 are the mean and standard deviation, respectively, and have

atmosphere are given in Table 1. the values
The measurement model y consists of the dynamic pressure g, the

heating rate Q [45], and the flight-path angleory=[g Q GJ,

for which the expressions are o = [R,, + 54 km, 2.4 km/s, —9°]" (12a)
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Fig. 16 FP operator-based filter measurement update interval in 40 s (number of samples =7000). The true initial states are
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To achieve consistency in dimensions, every constant in Eq. (10) is
appropriately scaled to create a nondimensionalized system. The
constants scaling the base units are given in Table 2.

The measurements are normalized to lie within [—1, 1], so that they
have consistent magnitude. The normalization factors used for
measurements are given in Table 3. The measurement noise v is
assumed to have mean and covariance, E[v]=10,0,0]" and
R = E[wT] = 6 x 1075, respectively, in scaled units.

The performance of the FP operator-based nonlinear estimator is
now compared with the generic particle filter and the bootstrap filter
when applied to hypersonic reentry dynamics. The initial states of the
actual system are taken as [R,, + 61 km, 2.64 km/s — 8.1°]” in this
case, with v and y having 10% errors in the state estimate. The
measurement update rate was taken to be 20 s. Figures 3—5 show the
plots for the particle filter, the bootstrap filter, and the FP filter,
respectively. Figure 6 shows the Cramér—Rao bounds for the three
filters. From these plots, it can be seen that all three filters perform
equally well and the errors are within the £30 limits. The number of
samples used in these simulations for the particle filter, the bootstrap
filter, and the FP filter are 25,000, 20,000, and 7,000, respectively.
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Fig. 18 Generic particle filter measurement update interval in 40 s (number of samples =25,000). The true initial states are
[R, + 61 km, 2.64 km/s — 8.1°]". The dashed lines represent +3¢ limits, and the solid lines represent the error in estimation.
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The particle and bootstraps filter did not perform as well as the FP
filter with the lesser number of samples. Figures 7 and § show plots
for error covariance and estimation errors for the generic particle
filter and the bootstrap filter, respectively. It can bee seen that they do
not perform as well as the FP operator-based estimator (Fig. 5). In
Figs. 9 and 10, the number of samples were increased to 10,000 for
the particle-filter-based estimators. Even then, the performance of
the particle filters do not match with the FP operator-based
estimator’s performance. To substantiate our claim, the percentage
error vs the time of the three estimators has been compared here.
Figure 11 show plots when the number of samples for each estimator
is fixed at 7000. It can be seen that the percentage error in the state

estimate for the FP operator-based estimator is lower than the
particle-filter-based estimators. The performance of the particle
filters matches the FP operator only when the number of samples for
the generic particle filter is 25,000 and the number of samples for the
bootstrap filter is 20,000; the percentage error plots for these are
shown in Fig. 12.

Thus, it can be said that the FP filter can achieve the same result as
particle filters using a significantly lower number of samples. These
simulations were performed in a Linux machine with an Intel®
Pentium D processor. The superiority of the FP filter is in the
computational time. For each filtering algorithm, the computational
time taken for one filtering step is presented in Table 4. It can be seen
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[R, + 61 km, 2.64 km/s — 8.1°]". The dashed lines represent £3¢ limits, and the solid lines represent the error in estimation.
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that, due to a fewer number of samples, the FP filter takes Table 5 Normalization factors used for measurements
significantly less computational time.

. . M t Normalization fact
The FP operator-based estimator captures the non-Gaussian PDF casuremen ormanization factors
evolution almost accurately. To show this, time evolution of the third Dynamic pressure 1.97 x 10° N/m
and fourth moments of the posterior PDF for the FP operator-based Heating rate 0.0231 3/ m-s
estimator with 7000 samples and a particle filter with a large number Flight-path angle 19.13
s Geocentric longitude 60.6°
of samples (100,000) has been plotted in Fig. 13. It can be seen that o o
== . Geocentric latitude 30.3
the moments for the FP operator match exactly with the particle filter.
If the generic particle filter and the bootstrap filter with 7000 samples
are compared, it is observed that they fail to predict non-Gaussian
PDF evolution as accurately as the FP operator-based estimator. To error for the FP operator-based estimator is lower than the particle-
show this percentage deviation of the third- and fourth-order filter-based estimators.
moments of the three estimators, the particle filter with 100,000 Regarding sensitivity with respect to measurement noise and the
samples has been plotted in Fig. 14. It can be seen that the percentage measurement update rate, Figs. 15 and 16 show plots of the error
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covariance and the state estimate error for the FP operator-based filter
when the measurement noise is 6 x 107#Z3, in scaled units, and
when the measurement update rate is 40 s, respectively. The number
of samples taken here is 7000. To achieve a similar performance, the
generic particle filter and the bootstrap filter needed 20,000 and
25,000 samples, respectively. The plots for the particle filter are
shown in Figs. 17 and 18, and the plots for the bootstrap filter are
shown in Figs. 19 and 20.

B. Application to Six-State Vinh’s Equation

The estimation algorithm presented is then applied to reentry of a
hypersonic vehicle in Mars’ atmosphere, with dynamics governed by

the six-state Vinh’s equation [45]. The equations of motion are given

by
F=uvsiny (13a)
- vcosycosé
0=—"7-"-" (13b)
rcos i
- vcosysiné
A=——"7" (13c¢)
r

2

V= —%—gsiny—ercosk(sinycosk —cosysinAsin€) (13d)
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. vog p (L Mars givenby 7.0882 x 10~° rad/s, and o is the bank angle, which is
el cos(y) + 3g. \pJveoso +2QcosAcosé taken as 0° in this case.
¢ The measurement model y consists of measurements of geocentric

Q2 o . . ; ) -
+ cos A(cos y cos A + sin ysin A sin &) (13e) latm.lde and longltude, 0 and A, along w1th. dynamic pressure g,
v heating rate Q, and flight-path angle y, for which the expressions are
given in Eq. (11). Hence, the measurement model is given by
: p (L . v S _ 5 0 Al
E=—[—=)vsino ——cosycos&tan y=[lg 0 G I'.
2B, \D r The vehicle’s heading angle & is assumed to have no initial state
) ) 2y uncertainty, and it has an initial value 0of 0.0573°. The Gaussian initial
+2Q(tan y cos A sin& — sinA) — vcosy sinAcosAcosé (13f) condition uncertainty, along r, 8, A, v, and y, is considered, with the
mean /4, and standard deviation o, given by
where 6 is the geocentric longitude, A is the geocentric latitude, and & ,
. . . N . . . — _ o ] __Q°
is the hypersonic vehicle’s heading angle. €2 is the angular velocity of to = [R, + 54 km, —60°, 30°, 2.4 km/s, —9°] (14a)
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54km 0 O 0 0
0 30 0 0
0y = 0 0 3° 0 0 (14b)
0 0 0 240m/s O
0 0 0 0 0.9°

A nondimensionalized system is created, scaling each constant in
Eq. (13) and using scaling constants given in Table 2. The
normalization factors used for measurements are given in Table 5.

The performance of the FP operator-based filter is then compared
with the generic particle filter and bootstrap filter when applied to the

six-state Vinh’s equation model. The initial states of the actual
system are assumed to be

[R,, + 61 km, —60.6°, 30.3°, 2.42 km/s, —9.09°, 0.0573°]

in this case, with 6, A, v, and y having a 1% error in the initial state
estimate. The measurement update interval is kept fixed at 20 s.
Figure 21 show the plots for the FP operator-based filter with 9000
samples. Figures 22 and 23 show the plots for the generic particle
filter and bootstrap filter, respectively, with the same number of
samples. It can be seen that the FP operator-based estimator performs
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applied to six-state Vinh’s equation. The dashed lines represent +3o limits, and
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Fig. 25 Performance of the bootstrap filter with 25,000 samples when applied to the six-state Vinh’s equation. The dashed lines represent +3¢ limits,

and the solid lines represent the error in estimation.

better than the particle filter-based estimators. The errors for the
generic particle filter and the bootstrap filter diverge and are not
inside the =30 limits. Hence, these filters are inconsistent when the
same number of samples as the FP operator are taken.

The best performances were those achieved using the particle filter
and the bootstrap filter, shown in Figs. 24 and 25, respectively. The
number of samples needed for the generic particle filter and the
bootstrap filter are 30,000 and 25,000, respectively. For the particle
filter, it is observed that, although the +30 bounds converge, the
estimation errors escape outside these limits. For the bootstrap filter,
the errors and the £3¢ limits converge, but for y, the +=30 bounds
diverge toward the end of the estimation period.

VI. Conclusions

In this paper, a nonlinear filtering algorithm based on the FP
operator, or (equivalently) the Liouville equation, has been applied to
a state-estimation problem related to atmospheric reentry problems.
Two models are considered here. The first is the three-state Vinh’s
equation, and the sensor models used are dynamic pressure, heating
rate, and flight-path angle. The second model is the six-state Vinh’s
equation, with measurements of the geocentric latitude and longitude
taken along with the three measurements used in the three-state
model. The superiority of the FP filter is demonstrated in comparison
with the particle and bootstrap filters. It has been shown that for both
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the three-state and six-state models, the FP operator-based filter
achieves better results with a lesser number of samples than the
particle-filter-based estimators; hence, it is computationally more
efficient. However, it is important to note that this filter can only be
used to resolve parametric uncertainty. For problems with process
noise, a diffusion term has to be added to the Liouville equation. The
PDE is then known as the Fokker—Planck—Kolmogorov equation.
Our future efforts will be focused on addressing process noise in
nonlinear filtering algorithms.
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